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Abstract 

In Rindler space, we consider the Feynman Green's functions as- 
sociated with either the Fulling-Rindler vacuum or the Minkowski 
vacuum. In Euclidean field theory, they become respectively the Eu- 
clidean Green's functions Goo and whose we give different suitable 
forms. In the case of the massive spin-^ field, we determine also the 
Euclidean spinor Green's functions Soo and £271- in different suitable 
forms. In both cases for massless fields in four dimensions, we com- 
pute the vacuum expectation value of the energy-momentum tensor 
relative to the Rindler observer. 



*E-mail: linet@ccr.jussieu.fr 



1 Introduction 



We consider a Rindler observer in an n-dimensional Minkowski spacetime 
(n > 2) which has uniform acceleration, g. In the coordinate system £, x l ), 
i = 1, .., n — 2, with £ > 0, Rindler space is described by the metric 



This coordinate system covers only a part of the Minkowski spacetime. The 
line given by £ = 1/g and x % = corresponds to the world line of the Rindler 
observer undergoing a uniform acceleration, g. 

The free quantum field theory in Rindler space has been initially investi- 
gated by Fulling U, Davies [@, Unruh |3j and also Candelas and Raine [|J 
and Dowker ||. Due to the existence of the event horizon located at £ = 0, 
the quantum field theory described in the Rindler metric is not equivalent to 
the usual field theory in the Minkowski metric. The Rindler observer moving 
in the Minkowskian vacuum sees a thermal bath of temperature g/2ir. We 
use units in which c = % — ks = 1. 

We recap briefly the definition of the Feynman Green's functions in terms 
of Rindler metric ([!]). Apart from the usual Minkowski vacuum | Om >, there 
also exists the Fulling- Rindler vacuum | Or > which is associated with the 
timelike Killing vector <9/<9£°. Consequently, for a massive scalar field of mass 
m, we have the two corresponding Feynman Green's functions A# and Am, 
defined respectively by 



where T denotes the time-ordered product. We delete the factor i and futher- 
more we choose to renormalise the vacua to one. 

By performing a Wick rotation involving the acceleration g given by 



ds 2 



g 2 e{de? + (dO 2 + (dx 1 ) 2 + ■■■+ (dx n ~ 2 ) 2 



(1) 



A%'(x,x ;m) =< Or \ T(p(x )cp\x) \ Or > 
A M \x,x ;m) =< M \ T(p{x )(f' l {x) \ M > 



(2) 



(3) 



o 



(4) 
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(5) 
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in the coordinate system (r, £, x l ), £ > 0. The properties of the Feynman 
Green's functions in a static spacetime || imply that they can be deduced 
by an analytic continuation from the Euclidean Green's functions. In the 
metric (||), we call respectively G^ and G 27r the corresponding Feynman 
Green's functions A R and A M . 

These Green's functions have already been considered in previous works 
but in the present paper we use the methods that we introduced in the 
analysis of the Euclidean Green's functions in the spacetime describing a 
straight cosmic string 0, §. We can then derive a convenient form of both 
Goo and G^tt in order to straightforwardly compute the vacuum expectation 
value of the operators relative to the Rindler observer. 

The plan of this work is as follows. In section 2, we determine the Eu- 
clidean Green's functions G^tt and G^. We give different forms of the expres- 
sion for in section 3, in particular a convenient expression for G^ — G^ 
which is valid for point x near xq is obtained. We obtain the Euclidean 
spinor Green's functions and Soo in section 4, in particular a convenient 
expression of — Soo valid for point x near xq. We compute in section 
5 the vacuum expectation value of the energy-momentum tensor relative to 
the Rindler observer for a massless scalar or spin-| field in four dimensions. 
In section 6, we introduce the Euclidean Green's function Gp and Sp corre- 
sponding to an arbitrary temperature 1//3. 



2 Scalar Green's functions 

The Feynman Green's function Ar is easily constructed from the positive- 
frequency functions with respect to the coodinate r of the metric (H); one 
finds that 

f 1 

A^\x,x ;m) = J d n ~ 2 k ^ ra _ 2 exp[ik i (x i - x l )] x 

poo sillll 7TZ/ 

/ dv — exp[-iu(g | f - $ I -ie)]K iu (K k ^)K iu (n k ^ ) (6) 

JO TC 

where K k = y/k 1 ^ + m 2 , in the limit e — ► 0. 

The Feynman Green's function, A m is calculated from the development 
of the creation and annihilation operators associated with the Fulling-Rindler 
vacuum on the Minkowskian creation and annhilation operators ; Spindel || 
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gives the following expression 

A%\x,x ;m) = J d n ~ 2 k—^ exp[^V - x*)] x 
f°° 1 

/ dv— cos1i[z/(tt - | £° - (ft | -e)]lf^(«kf (7) 

JO n 

in the limit e — * 0. 

The Wick rotation applied to expressions (|J) and (|7|) yields the fol- 
lowing expression for the Green's function, Goo 

G^{x,x ;m) = j d n ~ 2 k ^ expzfcV - 4) x 
r°° sinh nv 

\ dv — exp[-z/ | r - r |]if^(/«ftO^( K fc6o) (8) 

JO 7T 

and also for the Green's function, 

Gg?(x,x ;m) = / d n ~ 2 k— l—exp^x* -4)] x 

/■oo X 

/ g^— cosh[z/(7r- I r - r \)]K iv {K k g)K iv {K k £Q) (9) 

JO 7T Z 

In fact, the multiple integral @ can be explicitly calculated; one has merely 

Gt'{x, x ; m) = , K n/2 -i{mr n ) (10) 

(2vr) n / 2 rn / 

where r n = y^ 2 + $ - 2££ cos(r - r ) + (x 1 - x 1 ^ 2 + ■■■ (x n ~ 2 - a;^ 2 ) 2 . Ev- 
idently, G 2 ,r is periodic in the coordinate r with period 2n. 

Within Euclidean field theory, one must impose that the manifold defined 
by the metric (^) is regular. Hence, we require the coodinate r to be a peri- 
odic coordinate ranging from to 2tt. Thus, it coincides with the Euclidean 
space. The Green's function is now the ordinary Green's function in an 
Euclidean space. From expressions (§) and (|9|), one can prove that 

oo 

GW(r-r )= £ GUr-T^Tm) (11) 

n.= — r>r< 
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in which the dependence of the space coordinates is not indicated. In the 
quantum field theory at finite temperature, we can thus interpret Gi-k as the 
thermal Euclidean Green's function |TT], [TJ, [TB| with respect to G^ which is 



the zero-temperature Green's function. Considered in the spacetime (|l|), the 
periodicity of in the coordinate £° is an imaginary period i2n/g. This 
is the origin of the thermal character of the Minkowski vacuum perceived by 
the Rindler observer at temperature T = g/2iT. 

The vacuum expectation value of the operators relative to the Rindler 
observer is obtained from the Green's function G^, but the renormalisation 
is performed by removing the Green's function G^. As in the Casimir effect, 
Goo plays the role of the local Green's function and the global Green's 
function |TIJ. In a symbolic manner, we write 

<0(x) >=0(G 27T -G oo ) \ x=xo (12) 

where O is a differentiel operator in x and Xq. 



3 Determination of G 



oo 



We now search expressions for the Green's function G^ which are more 
suitable than that given by equation (||). We start from n = 2 because we 
have the following recurrence relation between the Green's functions 

G£>(T,Z,x\---,x n - 2 ;m) = ^x 

/oo 
dkG^~ l) (t, f , x\ ■ ■ ■ , x n ~ 3 ; Vm 2 + k 2 ) cos[k(x n - 2 - x£" 2 )] (13) 
-oo 

for n > 3. 

3.1 Integral expression of 

For this purpose, we make use of the formula 

smh(itv)K iv (m^)K iv (m^Q) — — I duJ [m(2^ ) 1 ' 2 (coshw— cosh^) 1 ' 2 ]sm(vu) 
where £2 is defined by 

f 2 + f 2 

cosh£ 2 = i -J7 Si (6>0) 
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By inserting this into (|8]) for n = 2, we have 

1 r°° 

G { J(x,x ;m) = — / dvexp[-*/ | r - r |] x 
Zn Jo 

duJ [m(2^ ) 1/2 (coshu - cosh£ 2 ) 1/2 ] sin (z/u) 

Taking into account the formula 

f°° q 

/ dx exp(-px) sin(gx) = — Op > 0) 

Jo p 2 + q 2 

we find an integral expression of Gg} of the form 

GW(x,x ;m) = — x 

/ ^J [m(2ao) 1/2 (coshu-cosh6) 1/2 ]^ ; ^ (14) 

J §2 W + (T — To J 

By virtue of the recurrence relation (|i~3l) , we obtain in three dimensions 



2vr 2 (2ao) 1 / 2 



^ cos[m(2££ ) 1/2 (cosliM - cosh£ 3 ) 1/2 ] u 
& (cosh m — cosh £ 3 ) */ 2 u 2 + (t — t ) 2 



where £3 is defined by 



e + a + (x 1 



1\2 



coshes = s su '\ UJ - (6>0) 

Upon using again (|13|), we obtain in four dimensions 

G£\x,x ;m) = --r^— / duJ [m(2^o) 1/2 (cosh « - cosh £ 4 ) 1/2 ] 

^sinhw(w 2 + (r-To) 2 )^ ^ 
where £ 4 is defined by 



x 



e + e + (x 1 - xif + (x 2 



.7; 



2\2 



coshe 4 = s su v v — ^ &>o) 
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and so on as in ||. We emphasize that (|I6| ) can be explicitly integrated in 
the case m = 0; we find 



47r2££ sinh£ 4 (£f + (r-r ) 2 ) 



(17) 



which agrees with the result of Troost and Van Dam 14 



3.2 Local expression of G 



00 



As explained in section 2, the calculation of the vacuum expectation value 
is performed in the coincidence limit x = Xq. According to the formula (|T2]), 
we must know G 2 -k — for point x near point Xq. We anticipate and we say 
that the required subset of the Rindler manifold is defined by the condition 

\t-t \< 71 (18) 

satisfied of course when x tends to Xq- 

For this purpose, we make use of the formula 

KiJ7n£)KiJm£o) — / duK [mR 2 («)] cos(uu) 
Jo 



where R 2 (u) = y £ 2 + £0 + 2££q cosh iz. Insertion of this into (§) for n 
yields 



G < ^(x,x ;m) = — x 

poo rco 

I dusmh.(nu) exp[— v \ r — r |] / duK [mR 2 (u)] cos(uu) 
jo ' Jo 

Due to the identity 

sinh(7ri/) exp(— ^"0) = cosh[i/(-?/' — 71)] — cosh(z/-?/>) exp(— ttv) 
we can rewrite G^ 2 / as 

1 



G®(x, x ; m) = G%t(x, x ; m) - x 

/■OO /"OO 

/ duK [mR 2 (u)] / dz/cosh[z/ | r — t |] exp(— ttu) cos(vu) (19) 
Jo Jo 



in which the integral converges under assumption fllBp . The //-integration in 
(|19"D can be performed with the aid of the formula 

f°° 1 — ip + 7T if) +77 

/ dv cosh(vib) exp(— ixv) cos(vu) = —\— — - + — — -1 

Jo \ t J ¥\ 2 [ (lp - TV) 2 + U 2 (lp + 7r) 2 + V? 1 

Finally, we obtain the desired local expression of G^} 

G< S( X , x o; m) = G%jj(x, x ; m) + — x 

POO 

/ duK [mR 2 (u))F oo (u, r - r ) (20) 
Jo 

where the function F^u^ij)), which is well defined everywhere, is given by 

71 + ib ib — 7T 

F 00 M) = 2[- . ; ? + 



(n + ipy + u 2 (^-n) 2 + u 2 
By virtue of the recurrence relation (|13"D , we obtain in three dimensions 

G^(x,x ;m) = G^(x,x Q ;m) + —z x 



in 2 



, exp[— mRr>(u)] „ , . , , 

du p , , 31 Foo(u, T — r ) 21 
o Rz(u) 



where Rs(u) = J R^iu) + (x 1 — Xq) 2 . In four dimensions, we obtain 



G^(x,x ;m) = G^{x,x ;m) + ^ x 



m 



in 



3 



<fa /; ^ Foo (u,r-r ) (22) 



where i? 4 (w) = yR^(u) + ( ) 2 and so on as in ||, again in the subset 

defined by condition flTB|). In the case m = 0, expression fl2"2"|) reduces to 

Dgjfozo) = £>S(a:,zo) + ^ x 

du r= 7 Foo^r-ro) (23) 

[-fiUwJ 
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4 Spinor Green's functions 



In the quantum field theory for a spin-^ field in the Rindler spacetime, the 



Rindler observer also sees a thermal bath of temperature g/2n [|T|, [16], \F7j. It 
is possible to use the Euclidean approach and in particular the theory at finite 
temperature in which the Rindler manifold is regular. In this framework, we 
must determine the Euclidean spinor Green's functions Soo et S 2n , expressed 
in a vierbein well defined as that associated with the Cartesian coordinates, 
which satisfy the two conditions 

S 27T (r - r + 2tt) = -S 2 n(r - r ) (24) 

and 

oo 

5 2 .(r-r )= Yl (-l) n S oo (r-r + 2nn) (25) 

n=— oo 

In this interpretation, S 2 -k represents the finite temperature spinor Green's 
function at the temperature T = g/2ir and Soo the zero-temperature Green's 
function. We point out that S 2n is not the ordinary spinor Green's function 
Se in Euclidean space but it corresponds to the twisted spinor Green's func- 
tion Sjp. 

However in metric ([5]), we defines another vierbein which is given by 
the components 

e£ = (|,0,...,0) et el = bl a = 2,...,n (26) 
The spinor connection Y ^ then has the components 

ri = ~(7¥-7V) et r, = i = 2,...,n (27) 

Taking into account the transformation laws of the spinor components, the 
spinor Green's functions can be expressed in terms of vierbein ( PB"| ) in the 
notations Soo and S 2n . With this choice of vierbein, condition fl24|) takes the 
following form on the spinor Green's function S 27T 

S 2 x(t-t + 2<k)=S 2k (t-t ) (28) 
and condition ( p5]) becomes 

oo 

SW(t-t )= £ ^oo(r - r + 27rn) (29) 
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In n dimensions (n > 2), we have determined in a previous work ]18[ the 
spinor Green's function satisfying ( p8|) in the notation S , ( n )( T ) for the value 
B = 1. We recall the result 

5 27r (x, x ; m) = (e£ 7 -^ + ^ - m/) [73ftiY 27r + 7 V^ 2 J (30) 



where 



H 27r (x,x ;m) = exp z T T ° Gffi (a, x ; m) 



and where G^- is the scalar Green's function satisfying 

G { Z\t - r + 2vr) = -Gg?(r - r ) (31) 
In consequence, we obviously have 

oo 

G { 2 V(t-t )= (-l) n G oo (T-T + 2nn) (32) 

n=— oo 

where is the scalar Green's function given by expression (||) in section 
3.2. Consequently, we can define the spinor Green's function by 

Snfaxoim) = {e^d, + ^--mI)[mH 00 + 1 2 - 1 l -^H 00 } (33) 



with 



i?oo(a;,xo;m) = expi — — -G^x, x ; m) 



From relation (|32|) , we deduce the property fl29|) which corresponds to the 
fundamental property (|25|) . 

As in the case of the scalar field, we calculate the vacuum expectation 
value relative to the Rindler observer by taking S 2n — 5*00 in the coincidence 
limit. In a symbolic manner, we write 

< 0{x) >= O^I 2 \S 2n - \ x=xo (34) 

where C^ 1 / 2 -* is a differential operator in x and xq. 

We now turn our attention to the derivation of an expression for S 2jT — 5oo 
which is valid for a point x in the neighbourhood of xq that we can look for 
in the form 

5*277 — 5*00 = (5*277 — Se) — (5oo — Se) 



10 



Taking into account the formulae ( |30D and fl33|), we can thus obtain the 
required expression by finding G^J — G^ in the form 

In a previous work [RJ, we have obtained in an arbitrary number of dimensions 

(X) (T) 

such an expression for G 2 J — G 27T , where G\J is given under the notation 
G^l for the value B — 1. On the other hand, the expression for Goo — Gr 27r 
has been given in section 3.2. So, we can determined the desired expression 

We confine ourselves to considering Sf} and Sf£ in four dimensions. We 
recall the expression for G^ subject to the condition (|II 



5-7— Ff ; (w, r - r ) (35) 

(1/2), 



where the function F[ (u,ip) is given by 



Fi~l 2 \u, tp) = —4 cosh — cos 



u ip 1 



2 2 cosh u + cos -0 
Taking into account expression (|22|), we obtain 



g2 (t) (:e, a; ; m) - G^(x, x ; m) = ^ f du 



K^mR^u)} 



in 3 Jo Ri(u) 
[if /2) (it, r - r ) - F^, r - r )] (36) 

which is valid under condition In the case m = 0, expression ([36]) 

reduces to 



?tt 3 Jo [F 4 (m)P 
[Fi (1/a) («, r - T ) - Foc(u, r - r )] (37) 



which is, of course, valid under condition 
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5 Vacuum energy- momentum tensor (n = 4) 



We intend to compute the vacuum expectation value of the energy-momentum 
tensor relative to the Rindler observer in the coordinate system (r, £, x l ) with 



the help of formulae (12) and (0). Since Rindler space is static we can then 
deduce from this the vacuum energy-momentum tensor in the coordinate 
system by using the Wick rotation (|). 

We remark that we can also express these results in terms of a local 
temperature T given by 

T=^ or T=-±- (38) 

for the value To = g/2ir. It is convenient for all Rindler observers £ = const. 
and x % = 0. 



5.1 Case of the scalar field 

At first, we calculate the mean-square field < <fi 2 > using the formula 

<<p 2 (x) >= (G { £{x,x ;m) - G^{x,x ;m)) \ x=Xo (39) 
From (p2j), we obtain 

, 9 . . m f°° , K 1 \2mfcosh(u/2)} , . 

< 2 (x) >= — / du , 7 w V 7 :[ 40 
YKJ An 2 Jo cosh(M/2)(vr 2 + u 2 ) V ; 

For the case m = 0, expression fl40|) reduces to 

I r°° I 

< 2 (x) >= — TT / du . . . . rr- (41) 

rKJ 87r 2 £ 2 io cosh(w/2)(l + M 2 ) V ' 

Upon applying the formula 

1 1 



we have thereby 



o (l + cosh(vrx))(l + x 2 ) 12 



1 



7T 



<«*)>=iS¥ (42) 
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The vacuum expectation value of the energy-momentum tensor is given 

by 

< T£(x) >= T^(G 27T (x, x ; m) - G^x, x ; m)) \ x=xo (43) 
where is the following differential operator in x and Xq 



T; = (1 - 2S)V (U V° - 2HV M V* + (22 - ^(m 2 + V Q V Q °) (44) 



with H the parameter of the scalar field theory under consideration. The 



application of formula (|4"3]) leads to well defined integrals. As an example for 
a conformally invariant scalar field, i.e. m = and H = 1/6, it is possible to 
integrate explicitly them. Without given details, we find 

< W >= TuL^ diag - { - 3 ' h *' 1} (45) 

By the inverse of the Wick rotation (|J), we deduce 

>=-7*k*n ( 46 ) 



which gives a positive vacuum energy density according to the signature of 
metric (|l|). 

Results (f42j ) and fl46|) can be also expressed in the form 



<0 2 (*)>=1t 2 et <T| °(*)>=-^T 4 (47) 



where the temperature T is given by (j38[). 
5.2 Case of the spinor field 

The vacuum expectation value of the energy-momentum tensor is given by 
< T;{x) >= T^(S^(x,x Q ;m) - S®(x,x ;m)) \ x=xo (48) 
where T^^ v is the following differential operator in x and Xq 

T$, /2) = \tr[^(e^(d v - d U0 ) + e a _ v {d, - d m ))\ (49) 
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The application of formula ( fjS|) leads to well defined integrals. 

We confine ourselves to the case m = in four dimensions. We examine 
firstly the component < >. From fj4"B|), we find 



< T$(x) >= 4d x i x i(H%t(x,x ) - Hg(x,x )) 
By substituting (J57| ) into (|50D, we obtain 



X=XQ 



(50) 



< 75 fx) >= 



1 



[F;f 1/2) (u, 0) - Foo(m, 0)] 



4tt 3 C 4 7o (1 + coshu) 2 
which we can write as 



^•^4 jo 



du- 



1 



cosh-u/2 



7T 



1 + cosh u) 2 1 + cosh u it 2 + u 2 



By using the following integrals 



dx- 
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1 + cosh(vrx)) 2 (l + x 2 ) 360 
3 



7T 



oo "j 

dx- 



-7T 



we obtain finally 



cosh x 16 



<7sV) > = -L{±-lL] 



(61) 



Consequently, the vacuum energy-momentum relative to the Rindler observer 
has the expression 



47 

< T v Jx) >= — 

mV ; 2880tt 2 £ 4 



diag.(-3, 1, 1, 1) 



(52) 



since it must be traceless and conserved. Our result fl5"2|) does not agree with 
the one due to Candelas and Deutsch |L5] and Dowker |L9|. 



6 Fields at an arbitrary temperature 

In the metric @, the Euclidean scalar Green's function Gp at finite tem- 
perature T is periodic in the coordinate r with period (3, where j3 = l/T . 
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When /3 = 2ir, Gp obviously coincides with G^. Moreover, Goo is obtained 
as the limiting case of Gp when To tends to zero. 

A transcript of our results || on the scalar Green's function for a massive 
scalar field in the spacetime describing a straight cosmic string enable us to 
determine Gp. We must set r = B(p and (3 = 2ttB in our formulae. We 
remark that, in the massless case in four dimensions, Dp has been already 
given by Dowker p0| . 

We have in particular found a local form of Gp which is convenient when 
one computes the vacuum expectation value of the operators. We set 

< 0(x) >p= 0(Gp(x, x ; m) - G^x, x ; m)) \ x=xo (53) 

In the conformally invariant case, we find 

< T ;(x) >fi= ^I dia S-(- 3 ' !> l ) ( 54 ) 

When (3 = 2tt, we find again the energy-momentum tensor ([45]). 

The Euclidean spinor Green's function Sp is antiperiodic in r with period 
f3. Likewise, a transcript of our results [18] on the twisted spinor Green's 
function for a massive spin-| field in the spacetime describing a straight 
cosmic string enable us to determine Sp, or more precisely Sp in the choosen 
vierbein. We must set r = B<p and (3 = 2ttB in the expression for the twisted 
spinor Green's function. We also set 

< 0{x) >p= {1/2) (Sp(x, x ; m) - S^x, x ; m)) \ x=xo (55) 



We apply formula ( p5[) for the energy-momentum tensor in the massless case 
by setting 

Sp — Soq = (Sp — Se) — (Soo — Se) 



Making use of previous calculations for (3 > n [0, pi[] , we find 
where ^4(7) is the following expression 



< T;(x) >p= -j[-2 W4 ( T ) - __^]diag.(-3, 1, 1, 1) (56) 



^4(7) = — 7-fH 

KIJ 720vr 21 

607T 2 ,., 1 2 L 30vr 4 1 4 1 2 7 



[4(7 - 7^ - d + -^[16(7 - T,) 4 - 8(7 - -Y + -]} (57) 



f3 2 1 y 2' 3 J 2 w 2' 15 
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where the parameter 7 is the fractional part of 1 — (3 /Air such that < 7 < 1 . 
We point out that for n < (3 < 2-n 

^ 1 -£ ) = -720^<-¥ + — -JF-JF > (58) 

and thus for /? = 27r, we have 

»4> = ~ (59) 



We have to take the limit of expression (57) when (3 tends to infinity. We 
can easily prove that 

jim W4 (7) = -^ (60) 
For (3 = 27r, by combining (|59| ) and (|60D, we recover (|52|) from (^6|). 



7 Conclusion 

Within the Euclidean approach to scalar and spinor field theory, we have 
explicitly determined the Euclidean Green's functions in the Rindler space- 
time. Our results enable us to compute straightforwardly the vacuum energy- 
momentum tensor relative to the Rindler observer, in particular for massless 
fields in four dimensions. 

However, in the latter case for a spinor field, we have found an expression 
for the vacuum energy-momentum tensor which is different to the one 



derived by two authors in previous papers [15, 19, 21 . 
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